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Abstract
We 'nd three non-planar graphs which are ow-equivalent to planar graphs. It is also shown
that some non-planar graphs are not ow-equivalent to any planar graph. c© 2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction
Much information about the ow polynomial can be found in [2,4,5]. Given a
graph G(V; E) with vertex set V and edge set E, where multiple edges are allowed,
let (D;f) be an ordered pair where D is an orientation of E(G) and f :E(G)→ Z be
an integer-valued function called a #ow. An oriented edge of G is called an arc. For
a vertex v ∈ V (G), let E+(v)={all arcs of D(G) with their tails at v} and E−(v)=
{all arcs of D(G) with their heads at v}.
Denition 1.1. A -ow of a graph G is a ow f such that |f(e)|¡ for every edge
e ∈ E(G) and for every vertex v ∈ V (G)
∑
e∈E+(v)
f(e) ≡
∑
e∈E−(v)
f(e) (mod ):
The support of f, supp(f), is the set of all edges of G with f(e) = 0. A -ow is
nowhere-zero if supp(f) = E(G). For a graph G(V; E), the cyclomatic number of G,
(G), is de'ned as (G) = |E(G)| − |V (G)| + (G) where (G) denotes the number
of components. In [5], Tutte de'nes the #ow polynomial, F(G; ), of a graph G as
a graph function and as a polynomial in an indeterminate  with integer coe<cients
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Fig. 1. Amallamorphic graphs.
Fig. 2. Some planar graphs Gx which are ow-equivalent to some Kx3;3-amallamorphs.
by
F(G; ) = (−1)|E(G)|
∑
S⊆E(G)
(−1)|S|(G:S);
where (G : S) denotes the spanning subgraph of G with edge-set S. F(G; ) is a poly-
nomial in  which gives the number of nowhere-zero -ows in G independent of the
chosen orientation. Let P(G; ) denote the chromatic polynomial. Multigraphs with the
same underlying simple graph were given the name amallamorphs by Read and White-
head in [2]. Two graphs G and H are said to be #ow equivalent if F(G; ) = F(H; ).
2. Flow-equivalence of graphs
By a result of Jaeger [1], if H is planar, then P(H∗; )= F(H; ), where H∗ is the
planar dual of H . In this paper for some given non-planar graph G, we 'nd a planar
graph H such that P(H∗; )=F(H; )=F(G; ). We 'rst study some amallamorphs of
the graph K3;3. Suppose that there exists a planar graph G such that F(G; )=F(K3;3; ).
However, F(K3;3; ) is not a chromatic polynomial and hence there is no planar graph
which is ow-equivalent to K3;3. Next we consider the unique K3;3 amallamorph of
order 10, denoted by KA3;3. Fig. 2 shows the non-planar graph K
A
3;3 and a planar graph
GA, both with degree sequence 34 · 42. Incidentally, GA is self-dual, i.e., GA∼=G∗A. Next
we consider a K3;3 amallamorph of order 11, denoted by KB3;3, a K3;3 which has two
incident double edges. Fig. 2 shows the non-planar graph KB3;3 and a planar graph GB,
both with degree sequence 33 · 42 · 51. Next we consider another K3;3 amallamorph of
order 11, denoted by KC3;3, a K3;3 which has two non-incident double edges. Fig. 2
shows the non-planar graph KC3;3 and a planar graph GC , both with degree sequence
32 ·44. By computing ow polynomials, we obtain that Kx3;3 and Gx are ow-equivalent
for each x ∈ {A; B; C}, Kx3;3 is non-planar and Gx is planar.
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Fig. 3. A K5-amallamorph of order 11 and three K5-amallamorphs of order 12.
Fig. 4. Some 2-connected graphs on 5 vertices.
We now study some amallamorphs of the graph K5. Suppose that there exists a
planar graph H1 such that F(H1; ) = F(K5; ). However, F(K5; ) is not a chromatic
polynomial and hence there is no planar graph which is ow-equivalent to K5. Similarly,
consider the unique K5 amallamorph of order 11, denoted by KA5 and depicted in
Fig. 3, and assume that there exists a planar graph H2 such that F(H2; ) = F(KA5 ; ).
Once again,  · F(KA5 ; ) is not a chromatic polynomial and hence there is no planar
graph which is ow-equivalent to KA5 . That brings us to the three K5 amallamorphs
of order 12 which are depicted in Fig. 3. Let KB5 , K
C
5 and K
D
5 denote these three
K5-amallamorphs.
Below we give the ow polynomial of these K5-amallamorphs:
F(KB5 ; ) = (− 1)(− 2)(6 − 95 + 374 − 893 + 1342 − 123+ 55);
F(KC5 ; ) = (− 1)(− 2)(6 − 95 + 374 − 903 + 1382 − 128+ 57);
F(KD5 ; ) = (− 1)(7 − 116 + 555 − 1624 + 3063 − 3752 + 281− 101):
We hope to 'nd planar graphs which are ow equivalent to KB5 , K
C
5 or K
D
5 . The ow
polynomials of KB5 , K
C
5 and K
D
5 are all of degree 8 which is the cyclomatic number
= |E|− |V |+=12−5+1=8 of these graphs. To 'nd such graphs, we must search
among planar graphs which have 5 vertices and 12 edges. Read and Wilson [3] listed
all graphs on 5 vertices. Of the 34 graphs on 5 vertices, we are only interested in the
following 9 graphs which are 2-connected(bridgeless) and have only one component
(since (− 1)2 does not divide F(Kx5 ; ) for x ∈ {B; C; D}) which are shown in Fig. 4.
We started with all the amallamorphs of order 12 of these 9 graphs and computed
the ow polynomial of these planar graphs. Since none matched the ow polynomial
of KB5 , K
C
5 or K
D
5 , we concluded that there exist no such planar graphs.
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